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Abstract. We study the free path length and the geometric free path length 
in the model of the periodic two-dimensional Lorentz gas (Sinai billiard). We 
give a complete and rigorous proof for the existence of their distributions in 
the small-scatterer limit and explicitly compute them. As a corollary one gets 
a complete proof for the existence of the constant term c = 2 — 3 In 2 + 
in the asymptotic formula h(T) = —2 lne + c + o(l) of the KS entropy of the 
billiard map in this model, as conjectured by P. Dahlqvist. 



1. Introduction and main results 

A periodic two-dimensional Lorentz gas (Sinai billiard) is a billiard system on 
the two-dimensional torus with one or more circular regions (scatterers) removed. 
This model in classical mechanics was introduced by Lorentz in 1905 to de- 
scribe the dynamics of electrons in metals. The associated dynamical system is 
simple enough to allow a comprehensive study, yet complex enough to exhibit 
chaos. According to Gutzwiller 2fr: "The original billiard of Sinai was designed 
to imitate, in the most simple-minded manner, a gas of hard spherical balls which 
bounce around inside a finite enclosure. The formidable technical difficulties of 
this fundamental problem were boiled down to the shape of a square for the enclo- 
sure, and the collisions between the balls were reduced to a single point particle 
hitting a circular hard wall at the center of the enclosure." 

The model was intensively studied from the point of view of dynamical systems 
[IT3 EH ED IH1I211 E3 EST Our primary goal here is to estimate the free-path length 
{first return time) in this periodic two-dimensional model in the small-scatterer 
limit. We solve the following three open problems: 

(1) the existence and computation of the distribution of the free path length, 
previously considered in EH! ■ 

(2) the existence and computation of the distribution of the geometric free 
path length, previously shown, but not fully proved, in |14j . 

(3) the existence and computation of the second (constant) term in the asymp- 
totic formula of the KS entropy h(T £ ) of the billiard map in this model, 
previously studied in [T21 HTSl IH1 I3T] . 
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For each e G (0, \ ) let 



Z £ = {x G M 2 ; dist(x, Z 2 ) > e}, 

denote by dZ e the boundary Z 2 + eT of Z e , and define the free path length (also 
called first exit time) as the Borel map given by 

T e (x, lo) = inf {r > ; a; + tcj G 9Z e }, x 6 Z e , w£l 

If tanw is irrational, then t £ (x,lu) < oo for every x G Z £ . We consider the prob- 
ability space (Y^,/Lt £ ), with Y £ = Z e /Z 2 C [0, l) 2 and /z e the normalized Lebesgue 
measure on Y e . Let e t = e( t)(X3 ) denote the characteristic function of (t, oo). For 
every t > the probability that r s (a;, w) > ^ is given by 

F e (t) = (j, e ({(x,oj) £ F e x [0,2tt); 2eT £ (a;,w) > t}) = [ e t (2er e ) d(j, e . 

JY E xT 

Lower and upper bounds for P £ of correct order of magnitude were established 
by Bourgain, Golse and Wennberg using the rational channels introduced by 
Bleher . More recently, Caglioti and Golse ^I] have proved the existence of the 
Cesaro limsup and liminf means, proving for large t that 



limsup — — 
5^o+ I hid | 



1/4 m ,sd£ 

p e (t)- 



ir 2 t 



O 



liminf- — ■ , 

<5^o+ | In o| J s 



1/4 de 



(1.1) 



In Sections 2-7 below we prove the existence of the limit P(t) of P e (t) as e — > + 
and explicitly compute it. 

Theorem 1. For every t > erne? 5 > 

P e (t)=P(i)+0*(e 1/8 - tf ) (e-0+), 



P(i) 

ip(x,t) 
<f>(x,t) 



x 



n 2 . . i 2 
— (1-f) + — 
6 V ' 2 



i/>(a;, i) c?x 
?/>(a;, f) da; 
2 In 



if < t < 1; 



{x,t)dx ifl<t<2; 



ift>2, 



t [t-xf 



1 



i - 2a; a; i(i - 2ar) / ' 

(i-x)(a;-t+l) (1-a;) 2 / t-i f, / - .r 

2 In In ■ 



a; 



After a direct computation the above formula for P(i) yields 

2" - 1 



1 — x x t(l — x) 



" n 2 (n + l) 2 (ra + 2)t"' 



i > 2, 
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and thus for large t we find 



which agrees with 

The related "homogeneous" problem when the trajectory starts at the origin O 
and the phase space is a subinterval of the velocity range [0, 2tt) was studied by 
Gologan and the authors. The limit distribution 



H(t) = lim — \{lu G [0,2tt) ; et e (0,lu) > t}\ = lim / e t (er e {0, lu)) du;, 



where | | denotes the Lebesgue measure, was shown to exist and explicitly com- 
puted in jSJ [7| . Unlike P, the function H is compactly supported on the interval 
[0,1]. Interestingly, in the particular situation where the scatterers are vertical 
segments, this case is related to some old problems in diophantine approximation 
investigated by Erdos, Sziisz and Turan |17M18| . Friedman and Niven [201, and by 
Kesten 

The main tools used to prove Theorem ^ ar e a certain three-strip partition of 
[0, l) 2 and the Weil-Salie estimate for Kloosterman sums ^31221 E2]- The latter 
is used in infinitesimal form with respect to the parameter lu to count the number 
of solutions of equations of form xy = 1 (mod q) in various regions in R 2 . This 
approach, somehow reminiscent of the circle method, produces good estimates, 
allowing us to keep under control the error terms. It was developed and used 
recently in many situations to study problems related to the spacing statistics 
of Farey fractions and lattice points in K 2 [5J Ej . A possible source for 

getting better estimates for the error terms might come from further cancellations 
in certain sums of Kloosterman sums, of the form |151 1231 l2"5] 



The three-strip partition of T 2 is related to the continued fraction decomposition 
of the slope of the trajectory. Following work of Blank and Krikorian [2] on the 
longest orbit of the billiard, Caglioti and Golse explicitly introduced this partition 
and used it in conjunction with ergodic properties of the Gauss map |11) to prove 
(|1.1|) . We will use it in Section 3 in a suitable setting for our computations. 

One can also consider the phase space £+ = {(x,lu) E dY £ x T ; lu ■ n x > 0} 
with n x the inward unit normal at x G dY e and the probability measure v £ on 
obtained by normalizing the Liouville measure lu ■ n x dx diu to mass one. Consider 
also the distribution 

G e (t) = f e ({(x,w) G £+ ; 2eT E (x,Lu) > t}) = f e t {2eT e )dv e 

of the geometric free path length t s (x, lu). The first moment (geometric mean free 
path length) of r £ with respect to v e can be expressed as 



1 




S = ^ X! h a ,b(c)S(a, b; c). 



a,b c 




(1.2) 
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Equality H2J) is a consequence of a more general formula of Santalo |33| who 
extended earlier work of Polya on the mean visible distance in a forrest |32| . 
The formulation from 1|1.2|) appears in ^1 1131 . Knowledge of the mean free 
path does not give however any information on other moments or on the limiting 
distribution of the free path in the small-scatterer limit. Our number theoretical 
analysis leads to the following solution of this limiting distribution problem, proved 
in Sections 8-11 below. 

Theorem 2. For every t > and 5 > 

G E (t)=G(t) + O s (e 1 ^- 5 ) (e-0+), 



with 



ip(x,t) 



7T 



G(i) = — { -2 + t+(t-l)ln 



ip(x, t) dx 



(1 - xf (t - xf 



tit - 2x)' 



t- 1 



if < t < 1; 

t-i _ Z" 1 ~ 

ip(x,t)dx+ / 4>{x,t)dx ifl<t<2; 



fx, t) = — In 

v ' 7 a: t-x 



(l-xf 



In 



t(l - x) ' 




Figure 1. The graphs of P(i), G(i), and respectively fif(i) 
We note the equalities 



G(t) = -P'(i), t > 0, 



and 

g(t) :=-G'(i)=P"(t) 
1 



6 

^ 1 



-.t^i.-iV-f-O-K 1 -!^ 



i - 



The latter also yields 
9 



24 ^ 2" - 1 

W ~ ^2 n ( n + i) 



■f n(n + l)[n + 2)t n ' 



if t > 1. 



t > 2. 



(1.3) 



if < t < 1; ( 14 ) 



(1.5) 
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Remarkably, formulas (|1.4(l and ljl.5|l were found by Dahlqvist ^11 • That approach 
however does not provide a rigorous proof for the existence of the limit distribution, 
because it fails to control in a quantitative way the uniform distribution of his 
variable A (see the comments after formulas (75) and (86) in \14\). 

In the final section we use some standard analysis arguments and properties of 
the dilogarithm and trilogarithm to estimate 

C £ := In / r e dv E - / In r e dv e . 

It was conjectured by Friedman, Kubo and Oono [2] that C £ is convergent as 
e — > + . Its hypothetical limit C was estimated to be 0.44 ± 0.001 in |2J and 
« 0.43 in [H]. This conjecture was known to imply ^JE] the asymptotic formula 

h(T e ) = -21n£ + 2-C + o(l) as e -» 0+ 

for the KS entropy of the associated billiard map. In Chernov proved that 
C e remains bounded when e — > + , without giving however any estimate for the 
bounds. The constant C was identified by Dahlqvist 14, formula (73)] as being 
3 In 2 - §|© = 0.43522513609 . . .. The conjecture of Friedman, Kubo and Oono, 
in the more precise form provided by Dahlqvist, follows now from Theorem [21 

Theorem 3. In the small scatterer limit e — > + the following holds: 
ft) C e = 31n2-^j|+ (l). 

(ii) /i(7 1 s) = -21ne + 2-31n2+^||+ (l). 

These methods work for any convex scatterer due to the good error control 
they give when integrating over the velocity in very short intervals. To keep the 
presentation of the paper neat we have chosen to only consider circular scatterers. 

In dimension > 3 the problem of the existence of the limiting distribution of 
the free-path length in the small-scatterer limit remains open and is manifestly 
difficult. Partial results in this direction have appeared in 1241 12*5] . 

2. FAREY FRACTIONS AND SUMMATION OVER PRIMITIVE LATTICE POINTS 

In this section we collect some basic properties of Farey fractions and outline 
the summation method that will allow us to estimate the limit distribution of the 
free path length when the size of scatterers tends to zero. 

For each positive integer Q, let Tq denote the set of Farey fractions of order 
Q. These are the rational numbers 7 — ^ with coprime integers a,q such that 
1 < a < q < Q. For each interval / C [0, 1] the number of elements in the set 

can be expressed, using elementary arguments on Mobius and Euler-Maclaurin 
summation, as 

^ Q (I) = ^ + 0(QlrxQ). 
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If 7 = | < 7' = y are two consecutive elements in Tq , then 

a q — aq' = 1 and q + q > Q. (2-1) 

This shows on the one hand that the denominators of consecutive Farey fractions 
of order Q are exactly the primitive integer points in the set 

QT = {(Qx, Qy); 0<x,y<l, x + y>\], 

and on the other hand that denominators uniquely determine consecutive Farey 
fractions. For instance, a is the unique integer in [0, q] for which (q — a)q' = 1 
(mod q). 

In many instances in this paper we will seek to estimate sums of type 
Sf,n,l(Q)= ^2 f(q,q',a), 

(<?,«')e<2fi 

where / C [0, 1] is an interval, O C T a region, and / a C 1 function. These kinds 
of sums can be roughly approximated by some integrals, with control on error 
terms given by the following two results which will be systematically used in this 
process. The first one is a standard fact and is a plain consequence of the Mobius 
summation (for a proof see JJJ Lemma 2.3]). 

Lemma 1. Let < a < b and f be a C 1 function on [a, b]. Then 
E ^f{k) = ^ ) f a f{x)d X + o(\nb(\\.f\l 

where tp denotes Euler's totient function. 

The second one is a consequence of Weil's type bounds for Kloosterman sums 
(cf. Lemma 2.2]). 

Lemma 2. Let q > 1 be an integer, X and J intervals with \X\, \J\ < q, f a C l 
function on I x J , and T > 1 an integer. Then for all S > 

£ f(a,b) = ^ ff f(x,y)dxdy + S, 

aGZ, b£j: q fjj 

ab—1 (mod q) 




c 



with 

£ = £(q,T,f,\l\,\Jl5)^sT' q t +d \\f\\ OQ + Tqt +d \\Df\^ 

where we denote || ■ = || • \\oo,Xxj and Df = |||| + ||^|. 

When Q — {(x, y) ; a < x < (3, £(x) < y < r](x)} is a subset of T = {(2, y) ; < 
x, y < 1, x + y > 1}, the above mentioned properties of Farey fractions lead to 

s f ,n, r (Q)= E E f(i,i',o,)= J2 E /(?. ■a <?-«). 

aQ<q<0Q q'&QJ a {q/Q) aQ<q<(3Q q'eQJn(q/Q) 

a£ql a gg(i_/) 
((J— a)q' = l (mod ij) aq' = 1 (mod ij) 
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where we denote 

J Q (x) = {y; (x,y) e £1} = [£(x), r)(x)} C (l-z,l], x £ (a,0\. 
The inner sum above is mastered by Lemma [21 being approximated by 

■^rff a) dq' da = [[ f(q,q',a)dq'da, 

1 J JQJci(q/Q)xq(l-I) 1 J JQJn(q/Q)xqI 

Thus 

Sf,a,i(Q) = V ^ + error term ' 

aQ<q<0Q 9 

where we take 

V(q) = -[[ f(q,q',a)dq' da = Q 1 1 f(q,Qy 7 qj)dyd-f. 

1 J JQJn(q/Q)xqI JJJn(q/Q)xI 

When the error term is small enough, this sum is mastered by Lemma ^ giving 

V(q) dq + error 

xQ 
t-PQ 



i rPQ 

Sf,aAQ) = 7 7^ V(q)dq + , 



Q 



rPW r r 

/ dq 1 1 dyd-y f{q,Qy 7 qj) + error 

JaQ JJj a (q/Q)xI 

Q 



sfo\ f dx II dydj f(Qx,Qy,Qx~/) + error 

^( z ) Ja J Jj n (x)xl 

^ ^ " f(v,w,vf) dv dw dj + error. 

IQQXI 



C(2) 



3. A PARTITION OF THE UNIT SQUARE 

In this section we give an account on the three-strip partition mentioned in the 
introduction. This approach, slightly different from that in is suitable for 
computations involving Farey fraction partitions of the unit interval. 

In the first part of this section we shall consider a fixed (small) e > and let 
Q = [~] be the integer part of For each 7 = S g jFq, consider the points 
Nj(q,a + e) and S 7 (g, a — e). Consider also the points Nq(0, e) and S (0, — e), and 
denote by S 7 the strip determined by the lines N N^ and SqS 7 . 

A segment does not interfere with an open strip when their intersection is empty. 
Throughout this section 7 = ~ < 7' = will be two consecutive fractions in Tq 1 
so that l|2.1|) is fulfilled. In particular this gives 

2emax{<j,g'} < 2sQ < 1 and 2e(q + q 1 ) > 2e(Q + 1) > 1. (3.1) 

The slope of a segment is denoted by Iab- Set tp = top- 

Lemma 3. The segment A 7 5 7 does not interfere with the strip 6y 7 and the 
segment NySy does not interfere with the strip 6 7 . 
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Ny(q', a' + e) 




N y (q, a + e) 
y (q,a-e) 



Figure 2. The strips 6 7 and 6 



7' 



Proof. First, we show that Sy lies above the line NqN 7 of equation y — e — 2 ^- = 0, 
which amounts to a' — 2e — 2£. > 0. The latter is equivalent to 1 — 2eq > 0, which 
is true by (f 3 - 1 1) . 

Furthermore, iV 7 lies below the line SqSj> of equation y + e — ^7- = 0, as a 
result of a + 2e < being equivalent to 2eq' < 1 . □ 

For each k E N = {0, 1, 2, . . . } set 

Qk = q' + kq, ak — a! + ka, q' k = q + kq , a' fe = a + ka', 



a k , a k - 2e a' k + 2e 

7fc = — i t k = , u k - 

qk qk 



I'k ' 



ak = arctanife, (3k = arctanufc. 
The following three relations hold for every fceN={l,2,...} 
ak-lQk ~ a k qk-i = 1 = a k q' k _ 1 - d k _ x q k , 



(3.2) 



a k _iq - aq k -i = 1 = a'q k _ 1 - a! k _ x q , 
min{2e^, 2eq k } > 2e(q' + q) > 1. 

k>l 

As a result of (|2~T|) and (|3~T1) - (|3~^I) . it is seen that 

, a' k^oo a 

7 = 7o = —: > 7i > 72 > • • • > 7fe — ► - = 7, 
Q 



q 



and that 

a oo^k a' — 2e 

7 = - < — tk < tk-l < ■ ■ ■ < h < t = ; — 

q q' 



(3.3) 
(3.4) 



a + 2e fc^oo a' , 

< = u < ui < . .. < u k -i < u k — ► — = 7 • 



So putting 



i 7,0 



(to,U ], I lt k — (t k ,tk-l\, I~f-k — {Uk-l,U k ] 



keN, 



we end up with a partition (I 7 .fc)fcez of the interval (7,7')- 

Next we consider the points Ny k (q k , a k + s) and S lk {qk, ak — e), proving 
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Lemma 4. The following inequalities hold for every k > 1: 

(i) tN N Jk _ 1 > t No N^ k > t NgSl , k l > tN S-, k > tN N-,- 

(ii) ts Sy > tSoN-, > ts s 71 > ts s Tfc • 
Proof. The inequalities in (i) are equivalent to 

Qfc-i Ofc Qfc-i - 2e > Qfc - 2e > a 

% qk-i ~ qk ~ q' 

which follow from H3.2|) . 1|) - and from l|H.4|l . 

The inequalities in (ii) are equivalent to 

a' a + 2e ai a' + a 
9' ~ 9 91 q 1 + q ~ qk 

which follow from l|2.1() . I|3.2[) . (|3.4() . and ai^fe - afe^i = k — 1. □ 

Consider the half-infinite strip 

6 = 6 W = {(x,y + xt&nui) ; x > 0, — e < y < e} 

of direction lu, top line passing through No, and bottom line passing through So- 
Assume that 7 < tana; < 7'. For each j/o G [— e, e] we wish to find the first vertical 
segment of form {to} x [n — e,n + e], m,n G N, that intersects the line of slope 
tana; passing through (0,yo)- I n other words, we wish to calculate 

q(uJ,yo) = inf{n G N; ||y + ntanw|| < e}, 

where we denote ||x|| = dist(x,Z), We shall assume that tana; is irrational 

and split the discussion according to the three cases where the slope of u> belongs 
to one of the intervals (|, ^jl] , { 9 ^? £ , sd ^ £ ] or (2±^, 4] ■ 

Proposition 1. Let 7 = ^ < 7' = ^7 6e consecutive fractions in Tq. Suppose 
tana; G ° ~, 2g ] is irrational and tana; G I 1: k — (tk^k-i] for some k G N. Sei 

ros t = w Bk M = (?fe tana; - a fc + 2e, 

= w Ck {uj) = -qk-l tan a; + a k -i - 2s, 
wa + = wa + (a;) = — gtana; + a + 2s, 
Ia+ ■= [s,-e + WA + ), 
lB k :=(-£ + w A+ + w Ck , e] = (e - w Bfc , e] , 
^ := [-£ + w A+ , -e + w A+ + w Ck ], 

and 

!La + {u) ■= q if Do G ^a+; 
L c k {u) := q k +i ifyo^Ic k ; 
L Bk {uj):=q k ifyo^lB k - 
Then for any * G {A + , B^, C^} we have < u>* < 2e and 

9(w,2/o) = L{u),y ) = 2/0 G I*. 
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Furthermore, if S* denotes the parallelogram of height {0} x /*, angle to between 
its side and the horizontal direction, and side lenqth LA^l then 

7 COS UJ 7 

area(SU + ) + area(5 B J + area(5cj = wa + L a+ + w Bk L Bk + w Ck L Ck = 1. 

Moreover, {Sa + , Ss k , Sc k } mod Z 2 provides a partition of the unit square [0, l) 2 
(we allow the boundaries of these three sets to intersect). 




So(0,-e) 



Figure 3. The case tana; g I ltkl k e N 



Proof. Taking stock on Lemma 0] we notice that the line of slope tanw through 
So intersects the vertical line N^S-y at a point between iV 7 and S 7 (see Figure 
BJ). Also, because t NoSyk = t k < tanw < t k -i = t No s^ kl < tN N^ k , the line 
of slope tanw through N (respectively through iV 7 ) intersects the line N lk S lk 
(respectively N lk+1 S lk+1 ) between N Jk and S lk (respectively between N lk+1 and 
S lk+1 ). The segment N 7k _ 1 S lk _ 1 is placed above these two parallel lines because 
tanw < t k -i = t NoSlk i ■ 

Next, we find that the intersections with the vertical axis of the lines y — a — 
e = (x — (7)tanw and y — a k + e = (x — q k ) tanw which have slope tan a; and 
pass through Nj and respectively S lk , are (0,e + a — q tan uj) and respectively 
(0, — e + a k — q k tanw), whence the required values of wa + , WB k and wc k follow. 
Notice that 

a' - 2e 2e(q + a') - 1 

2e > wa, = 2e + a — q tan lu > 2e + a — q ; — = - > 0, 

q' q' 

1 — 2eq afc-i — 2e 
2e > = q k a k + 2e > ws k = qk tana; - a k + 2e > 0, 

qk-i qk-i 

1 — 2eq ak — 2e 
2e > = a k -i —2s- q k -i > a fc _i - 2e - q k -i tanw = w Ck > 0. 

qk qk 

Besides one clearly has 

wa+ + w Bk + w Ck = 2e, 
and it is easy to check by a direct calculation that 

area^*) = ^ w+L+ = 1. 
*e{A+,B k ,c k } *e{A+,B k ,c k } 
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It remains to check that the interiors of the subsets 5* mod Z 2 C [0, l) 2 , * G 
{A+, Bk,Ck}, are disjoint. If not, there exist two points P,P' inside such 
that P — P' G 1? . The latter is preserved by translating the segment PP' to a 
parallel segment. Owing to the shape of U^S 1 * we may thus assume that, say, P lies 
on the y-axis; hence P = P(0, yo) and P 1 = P'(n,m + yo) for some yo £ [— s,s], 
m,n £ N*. The line of slope tana; which passes through P' intersects the y- 
axis at (0, m + yo — ntanw). Hence — e < m + yo — ritanw < s, which shows that 
1 1 2/o — n tana; || = | — yo+n tana;| < e. By the first part of the proposition this gives 
n > L(u>, —yo), thus P' must belong to the boundary, which is a contradiction. □ 

Proposition 2. Let 7 = ^ < 7' = ^7 be consecutive fractions in Tq. Suppose 

tana; G ( a ~ 2g , 2.) is irrational. 

(i) //tana; G / 7 ,o = (io>^o]> tfien f/ie analog of Proposition^ holds true, with 1 
wb = wb (w) = 9' tana; — a' + 2e G (0, 2s), 
we = wen ( w ) = -(9' — q) tana; + a' — a — 2s G [0, 2s), 
WA = wa„{u) — w A+ (v) = -qt&nuj + a + 2e G [0,2s), 
Ia ■= [-£,£ + w Ao ), 

I Ba = (-£ + WAo + W C ,£] = (£- w Ba , e], 
^Co :=[-£ + «U , -e + + wcol. 



(ii) // fc G N ant! tana; G /7,-fc = (ufe_i,Wfc], i/ien £/ie analog of Proposition^ 
holds true, with 



wb_ — Wb_ (w) =w Bo (w) = 9' tana; — a' + 2s G (0, 2s), 
w C - k = w c _ k {uj) = q' k -i tana; - a'^ - 2s G (0,2s), 
= uu.* (w) = -<7fc tana; + a' k + 2e G [0, 2s), 

^A_ fc = [-£,-£ + W A _ h ), 

Ic- k = [-£ + WA- k ,-£ + w A _ k +w c _ k ], 

Ib- = (-s + + wc_ fc , s] = (s - w B _ , e] , 




q ifyo^iA ; 
q' + q ifyo^lco) 
q' if yo e i Ba ■ 




Proof, (i) follows as in the proof of Proposition ^ using 



s > a' — e — q tana; > a + s — gtana; > — e, tana; G / 7 ,o- 



Note that in both cases q < q' or q' < q we get < u>c < 2e. 
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So(0,-e) 



Figure 4. The case tan a; e L ( , 




So(0,-e) 

Figure 5. The case tanw e / 7 ,-fe, fc e N 



(ii) follows as in the proof of Proposition fusing 

£ > a — e — q tanw > a' k + e — q' k tana; > — e, tana; 6 Ij,-k- 

□ 

We now start investigating the case where the scatterers are vertical slits. 
Propositions H an d 13 will only be applied for e — corresponding to the case of 

vertical slits of height ^. The Lebesgue measure of a Borel set A in M d , d = 1, 2, 3, 
will be denoted by 

Throughout the paper t$(x,w) will denote the free path length in the periodic 
two-dimensional Lorentz gas with vertical slits of height 26 as scatterers centered 
at all integer lattice points. Given A > 0, I = [tanwo, tanwi] C [0,1] with < 

< ^l < § j an d Q > 1 integer, we denote 

P/,q(A) = \{(x,u) ; x S [0, l) 2 , o; < uj < lo u t 1/(2Q) (x, w) > X}\. 

Although the cases < t < 1, 1 < t < 2, t > 2, will be considered separately, 
applying Propositions ^ and [21 to 2e = ^, can write for all t, £* > 

~ / i \ v 2 - r fe_1 / \ f £coso; 1 , 

p /,ok- = 2^ 1^ Wc u M max — '°r dti; 

V ^* y 7&f o (0*=i ,/q * 1 * J (3.5) 

• -i icosw 

+ eight other similar terms where appears. 

2e* 

Lemma 5. For any interval I — [tanwo, tanwi] C [0,1] such that \I\ x e c with 
fixed < c < 1 and small e > 0, and any (large) integer Q = co ^"° + 0(e c ), the 
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estimate 

^q(^)^/,qW+OP), (3.6) 
holds uniformly in t on compact subsets of (0, oo). Here Pi,c)(t) is obtained by 

) cos g 
2e, 



substituting tQ in place of tc °^ UJ in (|3.5() , that 



: = E E/ [wc t (w)max{g H1 -tQ,0} 

+ ws k (w) max{<7fc — tQ, 0} + wa + (w) maxjg — iQ, 0}^ duo 



E / [ Wc ° H max {<7 + g' - tQ, 0} 
ieF Q (i) Ja ° (3.7) 

+ wb (^) max{</ — iQ, 0} + wa (w) maxjg — tQ, 0}^) eL> 



-~ /•Pis , 

EE/ [w C _ t (w)max{^ +1 -«3,0} 

(w) raax{gjj. — <Q, 0} + (lu) max{</ — tQ, 0}j duj, 



+ W A 



with 



wa + {uj) — wa (uj) — Q +a — gtanw, 
wb-(oj) = Wb (u) = q' tanw — a' + 
wc (w) = - wa (w) - w Bo (uj), 

w Bk {u) = q k ta,nuj - a k + Q^ 1 , w Ck {oj) = a fc _i - Q^ 1 - g fc _i tan oj, ( 3 - 8 ) 
u>c_ fc (a;) = q' k _ 1 t&nuj - a' k _ l — Q^ 1 , WA_ k (w) = + a' fc — q' k tanw, 

g^arctan *- 1 ^, ft = arctan 4+^ fc e N. 

Proof. Using the inequality max{w J 4, wg, i«c} < Q £ 5 which is a consequence 
of wa + +u>B k + wc k = Q and of the similar relations for k = and k < — 1, the 
estimate (see also l|7.2|ll 



sup 



COSCJ 

Q 



_ , cos — cos wi _ i tanwi — tanwn „ , 
< £ c_1 + — <e c 1 + — < e c , 



2c 

and the inequalities 

|max(a;,0) — max(y, 0)| < \x — y\ (3.9) 

and 

E J 7 «m + ^«£ c , 

j^ ln qq Q 
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it follows that we can replace tc ° s " by tQ in l|3.5[l at a cost which is 



2e 

' ' 2c 



□ 



Equality (|3.7|) will be at the center of most of the forthcoming computations 
because it shows how the estimation of distribution of the free path length reduces 
to estimates on sums involving Farey fractions. 

There is an alternative approach to estimating Pj,q, by using a monotonic- 
ity argument instead of the continuity argument which based on l|3.9[) . Such an 
argument will be used in the proof of Theorem El 

In the remainder of the paper given I = [tanwo, tan uj\] C [0, 1] we denote 

f du 

ci = I — — -=uji-uj . (3.10) 



4. The case < t < 1 
The aim of this section is to prove the following result 

Proposition 3. Suppose I is a subinterval of [0, 1] of size \I\ x Q~ c for some 
< c < 1 . Then for every c\ > with c + c\ < 1 and S > 

Pl,Q(t) = (l - * + 2^2)) cx + O s (E c , CltS (Q)) (Q - oo), 

with 

Ec.c.AQ) = Q max { 2c i-V2+«,-c-ci} i 

TTie estimate is uniform in t G (0, 1]. 

Before starting to estimate Pj,q, the following remark is in order. 

Remark 1. If I C [0, 1] is an interval with 7 > -L, then as a consequence of 
7' — 7 = 77^7 < 7^ < |/| we have 



Q ' 

.. <""" I 7" I TTT-jTi Vioirn 

<?<?' — Q 



E /W= E /(7') + 0(Q- 1 ||/|| 00 ). 
76I 7'eJ 

As a result, replacing the condition 7 e 7 by 7' G 7 only produces an error of 
order which has no impact in any of the forthcoming estimates. Thus in 

Propositions El EI El El El El the assumption |7| >c Q~ c can be replaced by the 
weaker assumption |7| <C Q~ c and 7| > Q^ 1 . 
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Then we notice that since min{gfc, q' k } > q + q' > tQ for all k > 1, we can write, 
according to l|3.7J) and l|3.8jl . 



^,q(*)= E eP _1 ^h^+ E 
+ E E / 5 q,7»^ 

7ey Q (/)fc=i /5fc - 1 

with 

^Q/y.feM = w c fc (w)(g fc+ i - tQ) +w_B fc (w)(g fe - iQ) + wa + (w) max{q - tQ, 0}, 
^Q,7,fcM = w c M(<7 + ?' - *Q) + W A+M max{<7 - tQ, 0} + (w) max{g' - £Q,0}, 
^Q/y.feM = w c- k (v)(q'k + i - tQ) + w A _ h {q' k - tQ) + w B _ H max{g' - tQ, 0}). 
Here the formulas for the width of the strips are as in (|3.8(l , and we take 



« fc = arctan ^ 1/0 , = arctan <±^, 

a a' 
a l3C = arctan — , — arctan — . 

q q' 



(4.1) 



Taking into account the equalities 

qk+iw Ch + qkw Bk + qw A+ = 1 = q k +iwc- k + q'k w A_ k + qw B _ , (4.2) 

Wc k + WB k + WA + = Q^ 1 = Wc_ k + WA_ k + tOB_ , (4.3) 

and 

w Ca (w) = Q~ x - w A+ (u>) - wb_ (a;), 

we can write 

Pi,Q®= E ( T Q^ + ---+ T Q%)^ ( 4 - 4 ) 

• 1 / ,/? ° (2) /" /3 °° 

Tq ^ = max{g - tQ, 0} / (u/) dw, Tq ^ = max{</ - tQ, 0} / w B _ (w) dw, 

rP° / 1 \ 



with 




T (i) 

J Q,7 ~ 


max{g — i 


T (3) 
J Q,7 ~ 


(q + q' - ■ 


T (4) 
J Q,7 ~ 


/ ((tQ 

^ a 00 



i(5) 

'-Q,7 ; , 

Rewriting the terms in a convenient way we arrive at 
Pi, Q (t) = A + A 1 + A 2 + A 3 , 
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where 

A = (i-t) (P°° - 

A\ = ^ max{g — tQ, 0} + tQ — q^j / WA + {oS)duj 

7€^<j(/) 

/■/So 

= - ^ min{<7-tQ,0} / 
^2= X] (max{<7'-tQ,0} + tQ-g') / w B _(u)dio 



//3oo 



Remark first that A3 = 0, as a result of 

q + q' 



1 - q'w A+ (w) - ?™b_ (w) 

9 + 9' / / 1 \ 1 / / 

1 — q 7^ + a — 9 tan w — o — + q tan w — a 



Q 



Q \Q J \Q 

= a'q — aq' — 1 = 0. 
The next elementary statement will be repeatedly used. 
Lemma 6. For any A, \i € K we Ziawe, uniformly in c € [0, 1] as h ^ + , 

/■arctan(c+fc) / ^ ^2 C \ 

Lane ^ + ^ ^ = " (T + ^j ^ + ^ 

0(^ 3 (|A| + |m|)), 



2(1 + c 2 ) 



,-arctanc / ft h 2 C \ 

/ (Atano; + //)<L; = f — — + j (Ac + M ) 

Jarctan(c-ft) \ 1 + C ^i + Cj / 



/; " A 0(fe 3 (|A| + | M |)). 



2(1 + c 2 ) 

Proof. Applying to our situation Taylor's formula 

' fix) dx = U(a) + f f'(a) + 0(||/" lloolCl 3 ) 
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together with 



c 



£ = arctan(c + h) — arctanc = 7 — ^ + 0(h), (4 

1 + <r (1 + c z y 

we get 

f arctan(c+fo) 



/■arctan(c+h) / 

/ ( tan ui + — ) doj = — 

./arctanc * \1 



+ c 2 (1 + c 2 ) 2 J ^ A 

W A ' Jr +0(/ l 3 )V(l + c 2 ) + 0(^ 3 ) 



2 



2 \ l + c 2 (1 + c 2 ) 

ft, h 2 c \ / fi\ ft 2 % , , 

1 'c+r + ttt- ;77 +0 A' 



1 + c 2 (1 + c 2 ) 2 y V A/ 2(1 + c 2 ) 

whence (14 .6f) follows for A ^ 0. The case A = is a direct consequence of Q4.8[l . 
while (|4.7|l is derived from 14. 6|) by changing ft into —ft. □ 

This result will only be applied in cases where Ac + fi = 0. We shall also use 
the following weaker form of 14.811 : 



arctan(c+ ft) — arctanc = - — j — j + 0{h 2 ) (4-9) 



1 + c 

It remains to estimate Aq, A\ and A%. By l|4.9|l it is immediate that 



A = (l-t) Yl ( , n \ 2, +°(^-72))- ( 4 - 10 ) 
Jr^. T . \qq '(1 +7 J \q-q'-JJ 

This shows in conjunction with 

1 Q 1 1 1 9 1 1 

V^r-77<V^T V -T9<77V^<77. (4-11) 
2/2 ^ g fl Q g 2 Q 

7£^Q ^ ^ 9=1 ^ Q/2< 9 '<Q y ^ 9=1 ^ ^ 

and with the subsequent Lemma that 

A = C/ (l -t) + O s (E CtCuS (Q)). (4.12) 

Lemma 7. Let c, ci > sucft iftai c + ci < 1. Tften for any interval I C [0, 1] 
with \I\ >; Q~ c and 8 > 

Proof. We decompose the sum above as Si + S2, according to whether q 1 > q or 
q > q' . Thus we can write 

Q 

9=1 q'GZ: = (max{Q-q,q},Q] 
— aq — 1 (mod q) 



18 



FLORIN P. BOCA AND ALEXANDRU ZAHARESCU 



where we put 



qq'(l+a 2 /q 2 )' 



a El, q' ej, q 6 [l,Q - 1]. 



The inclusion TC ( ^ , Q] gives 
0<W,a) 



1 2 
< — < 



q'(q 2 + a 2 ) qq' qQ 



0<Df q (q',a) 



< 



d fq 1 r X 



1 (2 2 



9/g / / ^ 



2(7 



(?/(g 2 + a 2 ) yg' q 2 + a 2 



gV <j 2 Q' 



Applying Lemma [21 with T = [Q Cl ], the inner sum in l|4.13|l can be expressed as 



ip(q) f dq' 



da 



q Ji qq' J q i 1 + a 2 /q 2 



Os Q 2ci q 1/2+s ^ + Q Cl q 3/2+5 4^ 



1 q 2 Q- c 



qQ 



q 2 Q Q c iq 2 ( 



ci 



V(q) + OsiQ^q 1 / 2 ^ + Q<*-\-V*+ s + Q- 1 -^), 



where 



V(q) 



In 



Q 



dq' _ 1 
x qq' q "* max{g, Q - q} ' 



ge(0,Q]. 



The function 



r i 



W(a;) := < 



In- 



if x S (0,1]; 



x max{a;, 1 — x} 
1 ifx = 0, 



is bounded and has finite total variation on [0, 1], hence 

M:= sup \W(x)\ + [ |W'(x)|da: =0(1). 
xe[o,i] Jo 

Since V(Qx) — W ^ , Lemma ^ yields 



Q 

E 

q=l 



Q 

q {q> C(2) 



J- [ Q V(q)d q + 0[lnQ( sup m<z)|+ T 

v^j JO \ \?6(Q,Q] JO 



\V'(q)\dq 



C(2) 7o 



W(x) dx + 0(Q- 1 In Q). 



Hence 



Sl=Cl J2?M V (q) + O s (E c , CuS (Q)) = -^)f o 



W(x)dx + O s (E c , Cl , s (Q)). 

(4.14) 
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Using a familiar identity of Euler (cf. formula (1.8) in pH3|) we find that 

f W{x), 
Jo 



i dx = — / — dx — [ dx 



1/2 ln(l - x) ^ In 2 2 _ In 2 2 C(2) In 2 2 _ £(2) 



x 

which we combine with (|4.14l) to get 



Si = ^ + O s (E c . Cl . s {Q)). (4.15) 



Finally we employ 



+ 0( 7 ' - 7 ) = — L-. + ofi-) (4.16) 



I + 7' 2 I + 7 2 v ' " l + 7 2 V??' 
and l|4.11|l to write 

q>q 

Using (|4.16|) and l|4.11|l we see that 

1 Q 1 

52 = ^ gg'(l + 7 2 ) = H gg '(l + a' 2 /g' 2 )' 

<7><j' a'Eq'I 

a q— 1 (mod g') 

Changing a' to q' — a', reversing the roles of q and q' , and using 



l + (l-.x/g') 2 Ciq ' 



it follows that 52 is given by the same expression as in (|4.15|) . □ 

7 ?Q,\ = -q 1 fi = a+± 



Next we estimate A\ and find, taking c = a+1 ^ ) ft, — _L A = —5, /j = a + A 



in (|4~7jl . that 



00 ^.arctan a +^° / 

w>A + (uj)dui = ( 7i + a ~ ^ ^ an W ) ^ W 

ioo Jarctan^ \ 

= 1 + o( — ) (4-17) 

2 (? Q 2 (l + ( a + l/Q) 2 )/< Z 2 ) U 2 Q 3 

1 O 



2 q g 2 (i + 7 2 ) V? 2 Q 3 , 

Since 



9 2Q3 - Q2 ^ ? 2 Q2 
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we infer from (|4.17(l and the definition of A\ that 

tQ-q 



A 1 + 0(Q- v )= J2 



, 2qQ 2 (l + a 2 /q 2 ) 

q<tQ 



tQ-g v 1 (4-18) 

^ 2qQ 2 ^ l + a 2 /q 2 

l<q<tQ H ^ Q-q<q'<Q ' 

a£ql 
— aq —1 (mod q) 

Applying LemmaElto I = (Q - q, Q], J = ql, f q (q',a) = 1+ J, /q2 for which 
I \fq | |oo < 1 and H-D/glloo < |, and taking T = [Q Cl ], the inner sum above becomes 

g / + 05 ( Q ^ + s + QClq y* + sl + m\ 

q 2 J qI l + a 2 /q 2 \ q Q c ^qJ 

= cMq) + Os(Q 2ci q 1/2+S + Q- C - Cl q), 

which inserted back into (|4.18J) gives that A\ + 0(Q~ 1 ) may be written as 



^ l<q<tQ H \ 9=1 y ^ 



- C - Cl q) 



' (4.19) 
= ^ E ^(*Q-9) + 0,(S C)C1 ,«(Q)). 

^ l<q<tQ q 

Applying now LemmaQ]to the main term above with V(q) = tQ — q, q £ [1, 
we find that 

2gC(2) /° (4.20) 



(i - s) + O a (£? ClCl| j(Q)) - -±-r + 4 (f; c , Cl , s (Q)). 



2C(2) 7o ' '~ ■ ~°v 4 C(2 ) 
In a similar way we find 

A 2 = -^ + O s (E c<cuS (Q)), 

and therefore 

^/,g(<) = (l - * + 2^2)) + OsiE^eiQ)), 
which proves Proposition [3J 

5. The case t > 2 

In this section we shall evaluate the contribution of the integrals on [otk, O-k— l] 
in l|3.7[) when k > 1 and t > 2. In this situation there is a unique nonnegative 
integer, given by 

"tQ-g 7 " 



K = K( ll t) 



> 0, 
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for which 

q K <tQ< q K+ i. (5.1) 
When t > 2 it follows that K > 1, and we prove 

Proposition 4. Suppose I is a subinterval of [0, 1] of size \I\ >; Q~ c for some 
< c < 1 . Then for every c\ > with c + ci < 1 and <5 > 

ft,Q(t) = *) dx + Os(E DtCliS (Q)) (Q -f oo), 

wzi/i V' «s to Theorem^ and E c<Cli s as in Proposition^ The estimate is uniform 
in t on compacts of (2, oo). 

Next, afc and will be as in (|4.1() and the widths w as in (|3.8(l . Since t > 2, 
then q + q' < tQ and the second sum in H3.7[) is zero. 
In the beginning we fix 7 = ~ £ Fq(I) and estimate 

S 2 (7,i):= / fg fc+ iw Cfc (w) + gfcWi3 fe (w) - iQ(w Cfc (w) + w Sfe (w))J dw. 

Using g2) and g3J, taking c = |, ft = ag ~ K 1/9 - | = ^f^, A = q, /x = -a in 
(14.61) . and also owing to 

. «x - 1/g , a 1 - g/Q , n / 1 \ 

Qfir ^ «oo = arctan arctan — = — + C » , 

g qq K {l + a z /q z ) \q 2 qfj 

we infer that 



S2(j,t) = J ^-qw A+ (u)-tQ(J^-w A+ (uj)J duj 

q 2 tanw + 1 — ^— + a^Jq^J dui — tQ J (gtanw — a) dio 



{a k — ot oo) + {q — tQ) I (gtanw — a) dw 



(^-aoo) + ( g -tQ)f 2 (1 2 -ff g 2 . +Q (^ r 



ook(i + 7 2 ) 29^(1 + 7 2 ) \q 2 qf 

(l-q/Q) 2 (q + 2q K ~tQ) 



2qq 2 K (l+l 2 ) \q 2 qf 
On the other hand, taking c = aif - 1 ' 1/q , ft = aR '- 1 ' 1/Q - Qfc ~ 1/Q = -lz2Z2., 

' qK-i ' 9k-i 9k qK-iqn ' 

A = — qx-i, H- — clk-x — <j in l|4.7l) . and also using 

1 1 «Jf-i - a a 1 

< r - ? < ^ - - < , 

l + <r 1 + 7^ qn-i q qqx-i 
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wc estimate 



U>C k (w) du) = 



< > K 



a,K-\ - — - tanw ) 



gi ,-i(i-g/g) 2 
2d-id(i + ^ 2 ) 

(l-q/Q) 2 
2^-1^(1 + 7 2 ) 



O 
-0 
-0 



qx-i 



Qk-iIk QQK-i QK-iq 2 K 



2^-id(l+7 2 ) 

Using also < Qk+i — tQ < q, this gives whenever t > 2 (so K > 1) 



<Si(7>*) : = (iK+i - tQ) 



wc k (w) do; 



(gg+i-*Q)(i-g/Q) 2 

2^-1^(1 + 7 2 ) 



<z' 2 (g + <?') 2 



Since t > 2, the sum of integrals on [a/., a/-_i] in l|3.7|l becomes 



Making use of 



E 



P /!q(*) : = E (Si(7,*) + Sa(7,«))- 



El ^ — -S 1 ^ — T 1 ^ — -S 1 1 



and of 



(l-q/Q) 2 {q K+1 -tQ) (l-q/Q) 2 (q + 2q K -tQ) 
2q K _ iq %(l+^) + 2qq 2 K (l + 7 2 ) 

_ (l - q/Q) 2 (q(qK+i + gir-i) + 2q K ^ 1 q K - + gi<--i)) 

~ 2^-ig|(l+7 2 ) 

(1 - q/Q) 2 (2qq K + 2q K ^q K - tQq K ) (1 - q/Q) 2 (2q K - tQ) 



7K~iq 2 K (l + J 2 ) 



2qq K -\qK (1 + 7 2 ) 



we find 



= E 



(l-g/Q) 2 (2 gg -tQ) 
2qq K ^ 1 q K (l + j 2 ) 



OiQ- 1 ). 



76.7W) 

Next for each integer fc > 1 consider the sets 



= i (s, y) e 



= fc > and /fc = 



£-1 t-1 

fc ' fc - 1 



n[o,i), 
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and for q £ QI k and k > 1, respectively k > 2, the intervals (see Figure EJ) 



(1) 

k,q 



1-4.4-5 



Note that |QJ^|, |QJ^| < g, that min{fc ; \Q k n T| > 0} = [t] - 1 > 1, and that 
\Jk\ = unless k > [t] > 2. 



r(i) 



(0,1) 



(0,4) 



. y = t — kx 



t -.(fc,+ 1).T 



(1,1) 




|,o) \ ( i.o) 
Figure 6. The set n T 



We also consider the function 



Qil k x [0, g] 3 (q, q', a) i-> / fe (q, g', a) 



(l-g/Q) 2 (2g fc -tQ) 
2<?gfc<7fc-i(l +7 2 ) 

(l-g/Q) 2 (2q' + 2fcq-4Q) 
2g(g' + fcg)(g' + (* - l)g)(l + a 2 /g 2 ) 



Using the one-to-one correspondence between the primitive integer points in Q(Qk^ 
T) and the set of consecutive Farey fractions 7 = - and 7' = ^ in JFq with 
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-2-] = k, we derive using the summation method described in Section 2 that 



fc=l 7=f6^QW k=2qeQI k 

( q , q ')eQ(n k nT) 



with 



X] fk{q,q',a), T k (q)= ^2 fk-i{q,q',a)- 



q'eQji]l,aeqJ 
— aq' — l (mod q) 



— aq —1 (mod q) 



We aim to estimate S k (q) and Tfc(g) applying Lemma[21to the intervals I = Qjj^g, 
J = ql and the function / = f k (q, ■, ■), and respectively to X — QJ^, J = ql and 
/ = fk-i(q, ; •)• For (?> <?') <= Q(^k n T) we have q k < tQ < q k +i, or equivalently 

q k -i < 2q k -tQ < q k . 
As a result, we see that (here k > 2) 



ll/fe-ife-r 



< 



1 



1 



sup 



< 



< sup _ ^ 

ql£QJ wqqkqk-i q >e(Q-q,Q]qyq + q) qQ 

qk-i i i i 

< Slip < SUp < r <Ct • 

g'GQJ< 0) VQk-iqk-2 q>>(t-2)Q qq (t - 2)gQ 



The last estimate holds without the factor whenever k > [i] . In the remainder 
of this section we will simply write <C 1 with the understanding that this holds 
uniformly in t on compacts of (2, oo). 

We also need to estimate the Loo-norm of Df k . It is easily seen that 



dfk. 



df, 



fc-i 



da 



(q- 



2q,,., ... 1 

< — \ fk{q, ;■ oo < 
q l q z Q 

<^||/*-l(«,',0[[oo« 

q 



dfk. 



{t-2)q 2 Q ~ g 2 Q' 

. 1 |2g fe g fc _i - (2g fe -tQ)(q k + qk-i) 
< sup 

2<Z tfeQjft 



? 2 



< sup 



1 



Qk(Qk + Qk- 



q r eQ jm \qqkqk-i 



< sup 



* * 1 '-' ' •■■'•'/. ., 

1 1 

< Sup 5 < SUp — ^ _~ 

g / eQ j(i) Wfe-i g'e(Q-«,Q] ?(« + q ) qQ q Q 



1 1 

< — — < 



and similarly 
dfk 



dq 



i 11 11 

< - sup — < - — <* — -2 < 

9 g'G[(t-2)Q,Q] <?' 2 (t-2) 2 qQ 2 " n ~ "-< 



qQ 2 ~ q 2 Q' 
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Applying now Lemma to this situation with T = [Q Cl ], where < ci < \ is to 
be determined later, we approximate S k (q) + T k (q) within error 



by 



<p(q) 



ci 



' ' 1 ,q',a)dq'da+^ 

q 2 

<p(q) (l-q/Q) 2 



Qjj,°lx<ll 



f k -l(q,q',a) dq' da 



q 2q 

where c/ is as in (|3.1U|I and 



W k {q) 



a) 



W k {q), 



9k{q, q')dq' 



9k-i(q,q')dq' 



9k(q,q') = ^-^-, (q,q')eQ(n k nT). 



q k q k -i 

By a direct computation we find that 



W k (q) = W(q) = 



tQ-kq 



tQ 



2g k - tQ , 
q k q k -i 



2y-tQ 

Q+(k-i)q y(y - 1) 

tQ 2y-tQ 



dy 



Q 2 gfc _ x - tQ d , 

tQ-kq qk-iqk-2 

«+(*-!)* 2 y-tQ 



tQ-q 



y(y - q) 



dy 



tq-q y(y - q) 



dy = ( 2 \n(y - q) - — In - — - 

q y 



tQ 

y=tQ-q 



= 2 hi^— i--^ln- (<Q ~ 9)2 



tQ-2q q tQ(tQ - 2q) 
is independent of fc. Since the error terms sum up to 

oo Q 

£ (Q 2ci - 1 q- 1/2+d + Q- 1 - c - cl ) = Q 2ci - 1 J2q- 1/2+s + g 1 - 1 - c - ci 



fc=2 gGQ/fc 

we arrive at 



ith 



q=l 



^0) 

9=1 



(5.2) 



2g 



g€(0,Q]. 



For t > 2 consider the function 

^(z,t) (l-x) 2 



2x 



V V t-2xJ x \ t(t-2x)J 



x e (0,1]. 



26 



FLORIN P. BOCA AND ALEXANDRU ZAHARESCU 



Using the Taylor series of the logarithm we obtain for small x 

f t ( x )= {1 ~ X? (— g— X " + Q(x*) 

Jt[) 2x \t-2x {t-2x) 2 x t(t-2x) [ ' 

which shows that / extends to a C 1 function on [0, 1], and so 

l 

\f t {x)\dx^l, 

uniformly for t in compacts of (2, oo). 

The equality V(Qx) — Q~ 1 f(x), x £ (0, 1], implies now that both H^Hoo and 
the total variation of V on (0, Q] are <C Q~~ 1 . Thus we may apply Lemma ^ to 
(|5.2|) and conclude, also using c + c\ < 1, that 

Pl Q = / Q v b) d i + °s(E c , cl AQ)) = m)f M*) dx + °s(Ec, cl AQ)) 



ci 



2C(2) Jo 



tf>{x,t) dx + O s (E c>Cu5 (Q))- 

(5.3) 



One can see in a similar way that the contribution of integrals on the intervals 
[Pk-i,(3k] in (|3~7|) for k > 1 and t > 2 is 



ci 



P7 'Q {t) = 2C(2) J ^(M)^ + 0(iS c , cl>5 (Q)). (5.4) 
Proposition 0| now follows from (|5.3|) and 15. 4|) . 



6. The case 1 < t < 2 

In this section we prove 

Proposition 5. Suppose I is a subinterval of [0, 1] of size \I\ x Q~ c for some 
< c < 1 . Then for any c\ with c + c\ < 1 and 5 > 

Pl < Q W = ^Zj(f Q i>( x >t) dx + J t 4>{x,t)dx\ + o s (E c , cu s{Q)) (Q -> oo), 

with 4> and ip as in Theorem^ The estimate holds uniformly in t on compacts of 
(1,2). 
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In this case l|3.7[) gives 



/•Po 

Pl,Q(t)= Y / w Ca (u) max{q + q - tQ,Q}duj 

00 rotk-i . . 

+ Y Y ( Wc fc max{g t+1 - iQ, 0} + M max{q fc - tQ, 0}J du; 

/ (^'c_ fc (w) max{<^ +1 - <Q, 0} + u>yi_ fc (w) max{^ - iQ, OH dw. 

7 e^ Q (/)fc=i^ /3fe - 1 



We break the main term above according as to whether g+g' > £Q or g+g' < iQ. 
Thus we first estimate 



p Iq (*) := E f " (?5- WA + ^ - WB - ^) (i + i'-tQ) duo 

q+q'>tQ 

+ X! ( w c„(w)ft+i +^B fc (^)g fe -tQ{w Ch {u) +w Bk (w))^du 

q+q>tQ 

00 rPk , ^ . 

X! X] / -tQ(w c _ h (u) + w A _ k (u))Jduj. 



g+ 9 '>tC 



Using (113 and (£OJ we may also write 

P i.Q^)= J2 f (^-w A+ (u)-WB_(u)) (q + q'-tQ)du 

<?+g'>tQ 

+ Y2 I fl-W A+ (u)q-tQ(^-W A+ (u))\duJ 

<7+<?'>tQ 

V / (l-WB-(u)q'-tQ(-}- -w B _(w))\ du 

^mJPo V V Q V 



7^(7) ' 
q+q'>tQ 
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with 



[■Pa 

A = (l-t) (Poo-aov), A 1= (tQ-l) • 



w A+ (oj) du, 



q+q'>tQ 



q+q'>tQ 



A 2 = Y, ~ l) I W B- (<*>) duj, 

q+q'>tQ 



<>() 



/3o /g + g* 



q+q'>tQ 



Q 



- 1 - (w) - gws_ (w) ) 



(l,t-l) 




(1,0) 

Figure 7. The set Ug^fifc n T when 1 < < < 2 



We proceed to estimate Aq, Ai, A 2 and A$ by noticing that 1)4. 5fl yields 

2 3 = 0. (6.1) 

Next is estimated in a similar way as A\ was in Section 4, only with the 
difference that the summation over 7 G Tq{T) is being done under the additional 
requirement q + q' > iQ. This is not going to produce any change in the error, 
and will only affect the main terms. As in l|4.10|l and l|4.11|l we obtain 



2 = (l-i) £ -77^ 



W'(l + 7 2 ) 



0{Q~ l ) 



Then, as in the proof of Lemma we find that 
A = (!-*)£ £ / fl (g , ,a)=c/(l-t) £ 



y( g ) + o 5 (i? c , Cl , 5 (Q)), 



9=1 q'£l: = (tQ-q,Q] 
a£j:=ql 
—aq =1 (mod g) 



(t-l)Q<q<Q 
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where this time we take 



V(q) = -kx-^—, qe((t-l)Q,Q]. 

q q 

But V(Qx) = Q^ 1 V(x) and the function 

V(x) = - In — L_ , xe[t-l,l], 

X t — X 

is C 1 on [t — 1,1]. Hence both the L°°-norm and the total variation of V on the 
interval [(t — l)Q,Q] are <C uniformly in i on compacts of (1,2). Lemma[l] 

applies now and yields 



■ { " = CJ ^A I V(q) dq + O s (E CtC1>s (Q)) 
'(t-l)Q 



C(2) 



r/(i " /l V— ^- <fa + O a (B c , cl ,,(Q)). 



(6.2) 



C(2) a; t-a; 

Proceeding as in Section 4 (see fEEfy - QESft ) 

we find 

E ^ E r^w^ 1 ' 

(t-l)Q<g<Q tQ-g<q'<Q 
a£ql 
— aq' — l (mod g) 

= ^2 E ^ (*Q "?)(«-(* " + O s (E CtCliS (Q)) 

^ {t-l)Q<q<Q q 

Q ( t Q -q){q-(t-l)Q) 

- dq + Os{E CtC1 j(Q)). 



ci 



2Q 2 C(2) J(t-i)Q 
This immediately gives 



•I i = ^ / 1 (t ^ ^ + Os(E c , c ,AQ))- (6.3) 

t~i 21 



2C(2) 

In a similar way we find 

A2 = ^2)J t \ (t ~ XK r' +1) d * + °'( E ^(Q))- (6-4) 
From H6.1(l - I|6.4(l we now collect 

7 ' QW C(2) Jt-ix t-x C(2)7 t _i 2 (6.5) 

+ 0*(^w(Q)). 

It remains to estimate the contribution of Farey fractions of order Q with q+q' < 
tQ to Pj y Q(t), which is 
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where B\ denotes 



E E/ (wc k (oj)max{q k +i - tQ,0} + w Bk (u)m&x{q k - tQ,0}j du), 



q+q'<tQ 

and i?2 denotes 

oo 8, 



EE/ (w c _ k (u)ma.x{q k+1 -tQ,0} + w A _ k (u)ma,x{q' k -tQ,0})duj. 

■rod) fc=l ,7/3 '=- 1 



7^0 (/) 
<?+g'<tQ 

In this case one also has 



and as in Section 5 we find 
Bx+O s {E c ^ s {Q)) 



K 



tQ-q' 



> 1, 



E E 

( q , q ')eQ(n k nT) 



(w Ck (w) max{(7 fe+ i - tQ, 0} + w Bk max{<? fe - tQ, 0}j du 



E E {Sk{q)+T k {q))+ E 

fe=2 q£QI k 



CI 



2C(2) 7 



t) dx - 



2C(2) Jo 



t-1 

^(a;, i) <ix 



2C(2) 



(t-l)Q<g<Q Q-q<q'<tQ-q 
a£ql 
— aq' = l (mod q) 

1 (l-x) 2 [ t - x 2(x + y)-t 



t-1 



and thus 



Bi = 



Cl 



1 2C(2) J t _ x x 



2C(2) 
1 (l-x) 2 



1 (l-x) 2 



2 /-t— x 



dy dx 



V x\y y + x 



xy(x + y) 
2 t /l 



riy dx, 



„ , t — x t , £ — x 
2 In In ■ 



1 — x x i(l — x) 



fix 



V'(x,i)rix + < 5( J B c , Cl , 5 (Q)). 



2C(2) y 

In a similar way we find that B2 can too be expressed as in (I6.6|) . and thus 



c/ f 1 (l-x) 2 



C(2) 



/;— 1 # 
t-1 



2 In 



i — x t t — x 
In 



1 — x x i(l — x) 



dx 



cj 



(6.7) 



C(2) Jo 

Proposition [S] follows now from (|(j.5|) and 7|) 



V'(x,i)(ix + 05( J B C , C1 ,5(Q)). 
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7. Proof of Theorem [T] 

We may assume without loss of generality that u> G [0, ?] > thus estimate for 
small s > the quantity 



P e (t) 



G F e x 0,^J ; t £ (x,w) 



> 



2t 



We partition the interval [0, 1] as a union of N intervals Ij = [tanwj, tanwj+i] of 
equal size, with N = [e~ c ], thus with \Ij\ = x £ c , where < c < 1 is to be 
chosen later. For each j we set 



07 = 



COSWj + i 



2e + 2e c 



COS Wo 



2s - 2s c 



1. 



Since Wj G [0, -J], we have Q~ x e 1 , and thus |ij x e c . Moreover, for G 
[wj, £t>j+i] we have 

1 £ — e'^" e e e e + e 



< 



£ — £ c+1 £ £ £ 
< < < 



c+1 



< 



2QJ cosojj coswj cosw coscjj + i cosWj+i 
± 



< 



1 



(7.1) 



From the definition of Qj and from 

| cosy — cosx| < | sin(a; — y)\ < | tana; — tany 
we infer that 



2QJ 

x,ye[0,w/4], (7.2) 



Q+ - QJ « 



COSCJ," 



COSWj+i 



and 



2£ - 2£ c+1 2£ + 2£ c+1 £ 

coscj 



COSUJj -COSW J± i c-1 



2£ 



Qf = 



2e 



+ 0(e c - L ). 



(7.3) 



Remark 2. If w e [0, f ] and A± are such that A_ < < A+, then for all 

x G Y e we have 

Ti/(2\+)(x,u) + £ > T e (a;,w) > t 1/{2X ) (x,uj) -£. 
This shows in turn that if for each interval / = [tanwo, tanoji] C [0, 1] we denote 

t 



(x,u>) ; x G Y e , tan ui £ I, t £ (x,lu) > 



2s 



then for any integers Q± such that Q- < S2 %jf L < < Q+ we have 



"i,Q- 



t + £ 
2£ 



-7TS 2 <V e ,l(t) <Pl,Q, 



By the previous remark we infer 



t - £ 
2£ 



t - £ 
2£ 



j = !,... ,7V. (7.4) 



For small s > we also have 



2£ + 2£ c+1 



t — £ < + £ 
< — < — < 



t 



2s 



2s 



2s - 2s c+1 ' 



:S2 
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uniformly in t on compacts of (0,oo). Thus (|7.4(l . Ij7.3|l . and Lemma El yield 

-2c 



^)<^ Ql )=P Ij , Qt (^j +0(0 (7.5) 



and 



By the definition of P we see that for any compact interval K C (0, oo) \ {1, 2}, 
there exists a constant Ck > such that 

|P(ti)-P(t2)| <C K \h-t 2 \, h,t 2 eK. (7.7) 

Now by Propositions 0] [S] we know that for any j e {1, 2, • • • , N} we have for 
small e > 



l±e c 



Cjj (P(t) + 0(e c )) + 5 (e 2c + e c+Cl + e 1 / 2 - 2 ^), 



uniformly in t on compacts of (0, oo) \ {1, 2}. Here P(i) is defined as in Theorem 
1.1. Summing over j the inequalities (|7.5|l and (|7.6|l . and using also 



N rl a 

du ir 



N < e c , and l|7.7|l . we gather 

AT 

' p .,(/)= ^ 



^ P Ej7j (*) = J p( t ) + O s (e c + e Cl + £ i/2-2c 1 -c-a- ) 



For obvious symmetry reasons we can only consider cj £ [0, Thus, after 

normalizing the Lebesgue measure /i e on Y e by dividing by j area(l^) = 
we get 

P e (t) = P(t) + 5 (e c + e Cl + £ 1 /2-2c 1 - c -5)_ 
The proof of Theorem is completed by taking c = Ci = i. 



8. The geometric free path length in the case < t < 1 

In this and the next two sections we shall take u> £ [0, f ], and analyze the 
geometric free path length in the case of vertical scatterers of height 28 centered 
at integer lattice points. In this setup we will consider the phase space (E*,/, fj), 
where 6 > 0, I = [tanwo, tanwi] C [0,1] is an interval, S^j = [— <5, S) x [c^Oi^i] 
and d\i is the (non-normalized) Lebesgue measure on The trajectory will 
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therefore start at a point (0,y), y G [— 6, S], under angle uj, with tana; G /. Recall 
that the free path length is denoted by fs in this case. Given A > 0, consider 



Gsj(X) 



1 

2^ 



{(y,u) G ; T S (y,uj) > A} 



1 

2^ 



e\(T S (y,uj))dydu}. 



(8.1) 



Actually it will suffice to take <5 = ^ for properly chosen integers Q. The first 
goal will be to estimate the distribution of the free path length t 1 /( 2 q)( :c j w ) when 
we average over (x,u>) G ^i/(2Q),i> under the assumptions that / = [tanwo, tanwi] C 
[0,1] is a short interval of length \I\ x e 1 / 8 for small e, and that Q is a (large) 
integer such that Q 
quantity 



2e 



+ 0( £ i/8-i). Concretely, we will be interested in the 



<Gi,q(*) := G 1/(2Q)i7 (t) = Q {(a;, uj) G S 1/(2Q)i 7 ; r 1/(2Q) (x, u) > t) 

Ci = A. We set 



In the remainder of the paper we take c 
Aa(x) = e(_ 0O)A )(x) = 



1 if a; < A; 
if x > A. 



A direct application of Propositions and [21 with widths w given by (|3.8|) 
and afc, by 1)4. l|l . yields the following formula, derived from (|3.5|) by replacing 
max{<7 — x, 0} with QA q (x), and valid for any t, > 0: 



w Ck (^)A 9fc+1 



do; 



2t) = ° E E 

eight other terms where tc ° SUJ appears in an analogous way. 



t cos uj 
2e„ 



(8.2) 



This quantity will be compared with the one obtained by substituting tQ in 
place of 1 c ° SIjJ in l|8.2|) . as in Section 3. For this purpose we shall consider 



oo .j3 

Gi, Q {t):=Q £ Y, A Qn,k^)duj + Q £ / A^ k (t,oj) dto 



7 e^ Q (/) fe=i 



1 E E 

1^q{1) fe=l 



7G^q(/)' 

'fc-l 



(8.3) 



ith 



.4 



g, 7 ,fc(*. w ) = (wJV, (tQ) + w Bk (uj) A qk {tQ) + w A+ {u)A q {tQ), 

^S-yA*'^ = wc (u)A q+q ,(tQ) + w Bo (uj)A q ,(tQ)+w Ao (u)A q (tQ), 

A Qn,k( f > u ) = w c- k M A < +1 + HA,/ (tQ) + w B _ (u;)A 9 , (tQ). 

Remark 3. If / = [tanw , tan^i] C [0, 1] and < A_ < < < a + , then 

owing to 1)8. 2|) . (|8.3|l and to the fact that x i— > Aa(x) is monotonically decreasing 
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we have 

o.,(^)<-^,(h)<-0,., 

The argument, based on inequality (|3.9|l used to compare Pj,q(^) with Pi,Q(i) 
in Lemma \5\ is not going to apply here because A\ is not a Lipschitz function. 
Nevertheless, we can overcome this problem by appealing again to a soft mono- 
tonicity argument, based on Remark 3 and on the fact (which can be seen directly 
from the definition of the function G(t)) that for any compact K C (0, oo) \ {1, 2}, 
there exists a constant Ck > such that 

|G(ti)-G(t 2 )|<Cjr|*i-*2|, h,t 2 eK. (8.4) 

In this and the the next two sections we will analyze the asymptotic of the 
quantity G/,g(i) for large integers Q and short intervals I such that |/| X Q^ 1 ^. 
We note at this point that the relation l|1.3fl is hinted by formula (|8.3[) and by 

max{g - tQ, 0} = -QA q {tQ), t+ ^. 

For the sake of space, the error estimates which are similar to the ones already 
derived in the first part of the paper are going to be more sketchy. 

Proposition 6. For every interval I C [0, 1] of size \I\ x Q^ 1 ^ 8 and every 5 > 

Gi, Q (t) = (l--±^ Cl + O s (Q-^+ 5 ) (Q -> oo). 
The estimate holds uniformly in t G (0, 1]. 

Proof. Since < t < 1, we have minj^fc, q' k } > q + q' > tQ for all k > 1. Thus we 
infer from (|8.3(l . as in formula 1)4. 4[l . that 

G f i,Q(t)=G«(t)+GW(t) + G^(t), 

with 



^ rcth-i rPo 

G%{t)-.= QY, E/ K,H + ^ fc M)^ + g E / ^c„M^ 
+ < 2E E/ (wc_ t M+WA_ t H)rfw 



t-Po 



+ <3 X! / fn _ WA +i UJ ) ~ wb-{u)\ duj 
7e/<j(/) J " W 7 

/•/So rfoo 

E (A» - aoo) - Q E / w a+(^)^-QE / w B _(uj)duj, 
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q>tQ q>tQ q>tQ 



g'>tQ <?'>*Q 
r@oo 

= Q 2_j I Wb - ( w ) < ^ u '- 



<j'>tQ 



From 14.12[) wc gather 



E (A» - "oo) = E (arctan^ - arctan^j = a + O s (Q~ 1/4+s ). (8.5) 



On the other hand, l|4.17|) gives 



We can show in a similar way that 



1 „ / 1 



From the formulas for G ( ^ Q , Gf ] Q , G ( fy and from (|53)) - ljg7|l we infer 



2gQ(l + 7 2 ) ' "V 9 2Q2, 



- >7,0 V 2 Q 

«'<tQ 

^ 2qQ(l + 7 2 ) ~ ^ 2q'Q(l + 7 ' 2 ) 1/4+ ^ 

q<tQ q'<tQ 



(8.8) 
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Finally we show as at the end of Section 4 that 

x ^ 1 1 ^ 1 1 

^ 2gQ(l + 7 2 ) ~ 2Q ^ q ^ l + o?/q 2 

1£Fq{I) V ' l<q<tQ H Q-q<q'<Q ' 

— aq' — l (mod q) 

1 ^ 1 <p(q) 2 (n _ l/A+s . 

1<9<*Q 

r,/ '.0,(Q-V*+'). 



2C(2) 

A similar formula holds for the second sum in l|8.8|l , and therefore we get 

Gi, Q {t) = Cl -^L + O s {Q-^ +s ). 
It is clear that these estimate hold uniformly in t E [0, 1]. □ 

9. The geometric free path in the case t > 2 
In this section we prove in the setting of Section 8 the following result 
Proposition 7. For every interval I C [0, 1] of size \I\ >; and every S > 

T/ie estimate holds uniformly in t on compacts o/(2,oo). 
Proof. We proceed as in Section 5, estimating first 



k=K+l Ja k 

a K -l/Q 

= Q I ( — — wa + (oj)) dcu = Q / (<? tan — a) duj (^-l) 

^c^oc / arctan — 

_Q(l- g /Q) 2 <Z , Q / Q \_ Q{l-q/Qf Q 



2q 2 q 2 K (l+j 2 ) WQkJ iQQxi 1 + 7 2 ) V9 2 d 
and then 



'» A" 



,S'i I - . / i = () / ir, h (u.- i «/^ / ^flK-i - <7k i tana; - ^ ) (U- 



1 



Q(l - q/Qfq K -i , Q / ggg-i \ = g(l ~ g/Q) 2 | Q f 1 



2(l+ 7 2 )d-i9|f Wk-iQ 3 kJ 2(l+J 2 )qK-iq 2 K Wll 

(9.2) 
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In this case we find from jK.fljl . Ij9.1|l and (|9.2|l . as in Section 5, that 

r m-9 V" Q(i-g/Q) 2 (gg-i + g) n(n -i hin] 
I ' Q{ ) ~ \hn W + >?)«1k-i& +0iQ hl Q) 

c ^ m 1 + 7 2 )qqK-iQK 

oo 

= E E (^(9)+^(«))+0(Q- 1 lnQ), 

k=2 qeQI k 

with 

Sk(q) = h{q,q',°>), T k (q)= ^2 fk-i{q,q' ,q- a), 

q'eQji%aeqI q'eQJ^a&ql 
— aq' — l (mod q) — aq' — l (mod q) 

fk{q,q,a) = , 2 , „. , q el = QJ k ' a e J = ql. 

(1 + a 2 / q 2 )qq k - 1 q k K ' q 

Employing the same technique as in Section 5 and the fact that one gets a 
similar result while integrating between (3 k -i and /3fe, we find that G/ i Q(t) can be 
expressed, up to an error term of order Os{Q^ 1 ' i+s ), as 

<p{q) 

C 'E E 



k=2q£QI k q \ """* J k,- q *1 1 



EE^t( fk(q,q',a)dq'da + J J J k ^{q,q' ,a) dq' da\ 

<p{q) Q(l - <?/Q) 2 / /"*«-*< <V f Q dq' 



k=2 q£QI k 



q q \JQ-q qk-iqk JtQ-k q qk-2qk-i 



1 Q(i-?/Q) 2 1 W-g) 2 



, ril 9 ' <7 2 n tQ(tQ-2q) 



This is further equal to 



Q(i - g /q)» ln (tq - g )» = p, r* Qd - ln (tQ- qf ^ 



C(2) 7 q 2 ' tQ(tQ-2q) C(2) 7 q 2 tQ(tQ-2q) 

C(2)7 x 2 t{t-2x) 
which is the desired conclusion. □ 
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10. The geometric free path in the case 1 < t < 2 
In this section we prove in the setting of Section 8 the following result 

Proposition 8. For every interval I C [0, 1] of size \I\ >; and S > 

G « ( ' , ^(£^ ,, ^ di - 2+(+( '- i)i "^ + /l^ 1 "^ 

+ r £ ^ i "i^) +w<ri,4+f) w ~~>- 

The estimate holds uniformly in t on compacts of (1,2). 

Proof. Since 1 < t < 2, we have max{g, q'} < tQ and we infer from l|8.2[l that 

Gi >Q {t) = G> Q {t) + G< Q {t), 

where Gfg(t), respectively Gfq(t), contains the contribution of Farey fractions 
in J-q{I) with q + q 1 > tQ, respectively with q + q 1 < tQ. 

When q + q' > tQ we have minjg/c, q' k } > tQ, k > 1, and therefore 

Gl Q {t) :=Q E E / ( w c» M + M) <*" 

9+<?'>tQ 

+ <?E / w Co (uj)duj + Q E E/ (wc^H + w^Ju))^ 

q+q'>tQ q+q'>tQ 

= Q E / ( A ~ ^+( w )) dw 

q+q'>tQ 



51 / (?) ~ w A + i UJ ) -wb_{u)\ rfw + Q E (?> " (w)) duj 

q>tQ q+q>tQ 

E {Poo - a=o) - Q E / wa + (w) - Q E / w B _{u)duj. 



q+q>tQ q+q>tQ q+q >tQ 

Standard considerations as in Sections 6 and 8 show that, uniformly in t on 
compacts of (1, 2) and up to an error term of order 0(Q~ 1 InQ), Gf q{t) can be 
expressed as 
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51 rtn<(\ -I- rJ2.\ 51 



1 

+ ■ 



q+q>tQ q+q>tQ 

v / i i \ = I v Q ~ g ' 

7 J^ (/) W(i+7 2 ) ?Q(i+7 2 ); g 7e ^ (/)W '(i+7 2 ) 

q+q'>tQ q+q'>tQ 

Q-q' 



= - y - y 

N»<«<« tQ-q<q'<Q ^ V /y ; 

— aq' — 1 (mod g) 



(t-l)Q<q<Q 



y i.-i)g< 5 <g 9 9 -''0-« « 

Next we estimate 

Gf, Q (t):=Q E E / K>* M + ^ fc M) ^ 

<?+r?'<tQ 

+ ( 2 E E / ( W C-- fc (^) +«/A_ t (w))(f(J, 
<?+rj'<tQ 

and find as in Sections 5, 6 and 9 that Gf g(t) can be expressed, up to an error 
term of order Os(Q~ 1/>4+s ), as 

2 E E (Sk(l)+T k (q))+2 E E /ife<?» 

fe=2 9 GQ/ fc qGQIi q'eQJ^.aeql 

— aq' — l (mod q) 

r 1 - 1 {i-xf (t-xf f tQ - q Qa-q/Q) 2 , , , 

"C(2)i ' - 2 ln t(t-2x) dX+ C(2)i (t _ 1)Q V 9 qq'iq + q') "* 
In —, '— dx + / 7r J — In ■ 



C(2) \J x 2 t{t-2x) J t _! x 2 4(1-0;), 
We conclude the proof by adding the formulas for Gfg(t) and Gj q(4). □ 
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11. Proof of Theorem El 

Identifying T,f with 

{(ee iQ ,w) ; -u -tt/2 < a < cj + tt/2} = { {ee i(uJ+0 \ u) ; p G [-tt/2, tt/2]} , 

the (non-normalized) Liouville measure on the phase space Y*f is expressed as 
dX £ — e((cosa, sina), (cos w, sin w)) dadui = ecos(lo — a) dadui = e cos (3 df3 dui . 




Figure 8. The parametrization of £+ 

Next we shall consider a fixed interval / = [tanwp, tana;i] C [0, 1], define 
E+ 7 := {(ee i(u+ ^,w) ; |/3| < tt/2, u; < w < wi} , 



and estimate 



(t) :=~A £ f {(s,w) e E+jjr^iB.w) > 



To each point P = ee I ^ + ^' we associate (see Figure|SJ) the point P'(0,y), where 



£ sin /3 



COS W 7 COS UJ J 



Note that 

pull /•tt/2 



A e (E+ / ) = e / / cos (3 d(3 duo = 2ec/. 

t/ OJq — 7r/2 



Since PP' has slope tana;, we have the obvious inequality 

' e sin/3 



r e ( £ e^ + «,u;)-7 £/< 



cos a; 



< 2e, 
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and as a consequence we can write 



h,S)= I 1 I ' e t/(2e) (r £ (ee i ^ + «, W ))cos/3d/3da; 



fOJl ptt/2 

< e 

J ujo J — 7r/2 



uj-i pel cos u 
1 ' ' COSCJ 



{/(2e)-2e f^e/ cos u) {~~~ ' W ) ) COS f3 d/3 duJ 
e (t— 4e 2 )/(2e) cos w 

(y,e)) dydw. 



When < A_ < co ^" 1 < co ^ "° < A + , obvious monotonicity properties yield 



/■wi /.1/(2A_) 

t j{t)<2\ + / e( t _ 4e 2)/( 2e )(f 1/( 2A + )(y,w)) dydw 

Jui, J— 1/(2A_) 
fwi /-1/(2A + ) 



2A-. 



= 2G 1/( 2A + ),z(— +0 1^-1 



J-1/(2A+) 

i-4e 2 \ /A 



e(t- 4e 2)/(2e) (n/(2A + ) (y, <*>)) dyduj + O (\+ ~ ^) 



(11.1) 

with G^j as defined in ^8.ip . Using similar arguments we infer 

t + 4e 2 \ A 



6 e ,j(i) > 2G 1/(2A _ )J (^^- J + O ( 1 - ■ (H.2) 

Take now e > small, and suppose that |/| x e 1 / 8 and are two integers 
such that 

Q-<^<^<Q+, Q^^ + O^/B-), g = 1 + 0(^/8). 
2s 2s 2e Q+ 

Such integers can be chosen for instance as at the beginning of Section 7 with 
c = |. Fix also a compact A' C (0, oo) \ {1,2}. Applying successively 1)11. lfl . 
Remark 3, Propositions El |H| and inequality 1)8. 4|l . we infer that 

G eJ (t) < 2G 1/(2Q+)tI (m^) + O - 1 
t-4e 2 \ „{Q A 



= 2G / , Q +((*-4 £ 2 )(l + 0( £ 1 / 8 ))) +0(^/8) 

= 2G^ Q+ (t + 0(e 1 / 8 ))+0(e 1 / 8 ) 

= 2ciG(t) + O s (£ 1/s ~ S ) uniformly in t e K. 
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In a similar way we infer from l|11.2J) and the previous arguments that 

G £ ,/(i) > 2c/G(t) + O s (e 1/s - s ) uniformly in t<=K. (11.4) 

Consider now a partition of [0, 1] with intervals {Ij}jLi, where TV = [e -1 / 8 ] and 
\Ij\ = jf x e 1/s . Summing over j we find as a result of (|11.4|) and (|7.8|) 

that 

JV 

Gs,[o,i) (t) = E ^ e '^ (*) = \ G (*) + Os(e 1/s -% 

and thus 



"£,[0 



!](t) _ A E ({(a;,a;) e E+ [0jl] ; 2 £ r £ (a;,w) > t}) 



J . i^W. + O s {e^- s ) = G(t) + O^ 1 / 8 - 5 ). 



2 2ec[o,i] 

For obvious symmetry reasons we can only consider u) 6 [0, ^1 , therefore 

<G E (t) = G(t) + O s (e 1 / a - s ), 
which ends the proof of Theorem [21 

12. Estimates of C £ = ln(r e ) - (lnr e ) 

In this section we prove Theorem|21(i). Part (ii) then follows from (i) and from 
relation (2.8) in [T3| . 

We consider the probability measures i>o and v £ on [0, oo) defined by 



f(u)dv (u)= f(u)g(u)du, 
Jo 

f(u) dv e (u) = f f(2eT £ ) dv E , f 6 C c ([0, oo)). 



As a result of Theorem 



lim / dvJu) = I dvo(u), t > 0, 

E--0+. 

which implies 

/•OO 

lim / f{u)dv e {u)= I f(u)du (u), f € C c ([0, oo)), 



-.0+ 

meaning that Z/ e — > i^o vaguely as £ — > + . Since 

1 Z" 00 1 Z" 00 

lim — / dvAu) = — dvo(u), x > 1, 

and the map 

1 f°° If 00 
x i ► — / dvo(u) = — I g{u)du 
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belongs to oo), dx) because g{u) = 0(u~ 3 ), u > 1, the Lebesgue Dominated 

Convergence theorem yields 

f°° 1 f°° /*O0 1 /"OO 

lim / — / dv F (u) dx = — dvniu) dx < oo. 

e^0+J 1 xj x £V ' J l xj x ° V 7 

Using Fubini's theorem, these double integrals can also be expressed as 

OO f CO -j^ /"CO ^oo ^ 

-e[i tU ](x)dv e (u) dx = / -e[ liU ](x) dx d? £ (u) 
35 J% Ji x 



r°° r u dx f°° 



it dv e (u), 



and respectively as 

fOO />0O 



i Z" 00 

— e fi ui 0*0 dvo(u) dx = / In it di'o (it), 
a; 7i 

It follows that for any (small) e > 

/oo 
In 7id? e (u) < oo, (12-1) 

and also that 

/•oo />oo 

lim / XnudvAu) du = I g(u)lnudu. (12.2) 

£-►0+ Ji ./i 



We show in a similar way that 



f f 6 /* 6 

lim / lnudv s (u) = / g(u) Inudu = — ^ I \nudu= ~ 

Jo Jo tH J tH 

by using Fubini's theorem which gives in turn 

/ \nudv e (u) =— I J — dx dv E (u) = — I / — e[ M l ] (x) dx dv E (u) 
Jo Jo Ju x Jo Jo x 



1 rl i r 1 1 



— e[ u ,i] (x) dv e (u) dx = — J — I dv e {u) dx. 
o Jo x Jo x Jo 



By <jT2~TJ) and (|T2~2T) we get 

/•OO />OG /> 

— C := / g(it)lnudw = lim / \nudv e {u) = lim / ln(2eT £ ) dv e 
Jo £ ~* 0+ Jo E ^ 0+ Je+ 



^lne + 


J ^\nr E dv e ^j 







£^0 + 

Since (|1.2I) yields 

lim | In / t e dv e + hie + In 2 ) = lim (in / r e dv e — In — I = 0. 



we collect 



lim ( In / t £ di/ e — / In T e dv e } = C. 
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Finally we outline the proof of the identity 

9C(3) 



First we note that 



C = 31n2 



4C(2) 



g(t) hitdt 



hitdt 



so we may write 



-c = -— + c 1 + c 2 + c 3 , 



where 



6 



t 



In 2 . 



Ci = / I —-+2(1 — - ) In 1 - - ))\ntdt 



1 



t 



C 2 
C 3 



7T^ 

6 



1 1 , 

-t-2 {1 

1 1 

t~ 2 



2\ 2 



In ( 1 ) I lntdt, 



2\ 2 



In 1 



In < eft. 



The substitution t — 2u leads to 
C 3 = -\c x - \ In 2 

2 7T^ 



By a direct computation, the integral above is equal to 2(^ — 1), thus 



C 3 



Ci 
' 2 



6 , _\ _ [tt 2 



In 2 2 



6 



(2 In 2) 1 



6 



Next, a direct computation shows that 

12 



C 1= (2C(3)-1) 



The relations (|12.4|l - (|12.t)[> provide 



- c . Cs+ i| c(3) -H_ 2 ri 6 



In 2. 



But 



thus we get 



C 2 = * 



12 



6 hi 2 



t 



x 1 - - In - -1 hitdt 



12 



6 In 2 2 3 



TT' 1 



with 



C 4 = / 1 - - In - - 1 In tdt = C 5 - C 6 + C 7 , 
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C s = ln2 J i f 1 - ^ lnt ^ Ce = / fl - In 2 / <//. 
2 ' 2\ 2 , / t 



where 



C* 7 = / ( 1 - - ) In ( 1 - - ) lntdi. 
By a direct computation we find 

C 5 = In 2 - 21n 3 2, C 6 = 6 - 81n2 - ^ In 3 2. 
As a result we gather 

C 4 = In 2 - 2 In 3 2 - 6 + 8 In 2 + - In 3 2 + C 7 , 



and so 



_C=^ C (3)-^-21n2+^- ^ln 2 2- A l n2 + A In 3 2 

7T Z 7T Z 7T Z 7T Z 7T Z 7T Z 

+ H-^-4m 3 2-A C7 (12.9) 

7T Z 7T Z 7T Z 7T Z 

= ^C(3) + A-21n2-^ln2- 4, In 2 2 + 4, In 3 2 - -ic 7 . 

7T Z 7T Z 7T Z 7T Z 7T Z 7T Z 

By a careful computation we find 

C 7 = - In 2 2 - 5 In 2 + 2 + 4 Li 3 - 4((3) + 2, 

where Li3 denotes the trilogarithm function 

Z — ' 777 

m— 1 

Using the equality (cf. [301 formula (6.12)]) 

Li3 ^ = I <(3 )-i! 1 „ 2 . '»" 2 



we infer 



2/ 8 ,v ' 12 6 



= - In 2 2 - 51n2 + ^- In 2 - ^r 1 + | hi 3 2 + 2. 



3 2 3 

Inserting this back into (|12.9|) we finally find 

12 6 15 3 , 2 , 3 9 

-C = -^(3) + -= - 21n2 - In 2 - -= In 2 2 + In 3 2 + In 2 2 

7T Z 7T Z 7T Z 7T Z 7T Z 7T Z 

+ 1| ln2 - ln2 + -^C(3) ~ A In 3 2 - 

7T Z 27T Z 7T Z 7T Z 



. 31 n 2 + Jl«3) = -31n2 + ||. 
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